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2.5 Continuity (continued...)
A function,f (x),is continuous at x = a if

lim f(x) = f(a)
i.e. the following must be equal:
(i) lim f(x)
X—a
(i) lim f(x)
X—a
(i} f(a)
Example: Find the value of ¢ that makes
the function continuous everywhere:

((x + 1)%2 — 16 e
fy=4""x-3 %7
L 2x%+c ,if x > 3.
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Example: 2"t Fat b = To

(ax2b+ 6 ,ﬁx < i; A"t 44 =0
IIrx = 1, N 2 N e
_ . ’ Y -4 =6
RGO =93 x 449 - (axiia 4
Jfx > 1.2 = a=-\ o &=
\ x+a W U
Find the values of g and b that will e arian§ bs ol s \O

make h(x) continuous everywhere.
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h(x) | For 8 more continuity problems like
these, see my online practice sheet:
“Continuity Practice Problems”

- ~ (There are posted solutions as well).




Continuity Practice
Some students say they have trouble with multipart functions. Other say they have issues with continuity
problems. Here is a random assortment of old midterm questions that pertain to continuity and multipart
functions. See if you can complete these problems. Solutions are posted online.
Remember a function f(z) is continuous at = = a if Em f(z), lim f(z), f(a) are all defined and are all the
. T—a— r—a"
same.

1. Let f(z) = { fff(gi“ , if & < 0;

Determine if this function is continuous at ¢ = 0.

,ifz > 0.
N e .
2. Let f(z) = { 52213zl li * i g’ . Is f continuous at z = 07
z ,if z < 0.

z Jif £ < 0

e
. a7
9 +z+1 x>0 Is f continuous at z = 07

3. Let f(z) = {

w2sin(%)+3 , if ¢ £ 0;

. Is f continuous at z = 0?7
1 ,ifz=0.

4. Let f(z) = {



— 3 < .
5. Let f(z) = { 8 i;zcz : iii > 1’ Find a value of ¢ so that f(z) is continuous at z = 1.

z?-9 i .
6. Let f(m):{ r— |1f$<3)

G210 iz >3 Find the value of ¢ so that f(z) is continuous at = = 3.

ﬁg 3 if z < *1;
7. Let Gz)=¢ 2—z ,if —1 <z <1; . Find all values of z where G is not continuous.

s Hifz>1



Solutions:

if = < 0
1. Let f(z) = { goi(gi_i_ 1, igi > 8’ Determine if this function is continuous at z = 0.

Solution:
1. The function is defined at x = 0 and the value is f(0} = cos(0) +1 = 2.
2. Since y = cos(z)} + 1 is continuous at = = 0, we have:
lim f(z) = lim cos(z) + 1 = cos(0) + 1 = 2.
0~ T~
3. Since y = 2 — 3z is continuous at x = 0, we have:
lim f(z)= lim 2—3z=2-3(0) =2.
z—0t -0t
Since all three of these values are the same, the function is continuous at z = 0.

. Is f continuous at x = 07

!9:1:551:? : .
2. Let f(:{;) = { 522 t3z+1 if z < U,

x yifz > 0.
Solution:
4 2
1. The function is defined at £ = 0 and its value is f(0) = 5{09)((33?0{)?_1 =0.

. ¥y 2, .
2. Since y = 5‘% is continuous at z = 0, we have:

+/0rd 2
lil'(l)l f(z) = lim r At 0.
z—U~

s0- 522 + B2+ 1
3. Since ¥ = z is continuous at = = 0, we have:

lim f(z) = lm z=0.
z-30F z—0+
Since all three of these values are the same, the function is continuous at £ = 0.

G Jife <O . o
3. Let f(a:)—{ 9z br4l ifz>0 . Is f continuous at x = 07

Solution: ‘
1. The function is defined at z = 0 and its value is f(0) = 9(0)2 + (0) + 1= 1.
2. Since y = €* is continuous at z = 0, we have:

lim f(z) = lim e* =e%=1.
. . ) x—0- T—0—
3. Since y = z is continuous at z = 0, we have:

lim f(z)= lim 92% +z+1=1.
—+0+ z—0+

Since all three of these values are the same, the function is continuous at = = 0.

2. (1 : . ‘
4. Let flz)=4{ © S‘n(m) 3 e A0 1 4 continuons ab z = 07
1 yifz=0.

Solution:

1. The function is defined at x = 0 and its value is f(0) = 1.

2. Now we use the squeeze thecrem to find the value of the limit.

Since —1 < sin (t%) < 1 for all values of z, we can multiply by z? to get —x? < z%sin (1) < z2 for all

T
values of z. Since lim —z?

= 0 = lim 2%, we conclude that the function between them also approaches
x—0 50

1
zero. Therefore lim x* sin (—) = 0, which implies lim f(z) = lim z? sin (l) +3=3.
0 T z—0 z—0 T

T

Since the value of limit does NOT equal the value of the function, f(z} is NOT continuous at z = 0.



f— H < .
5. Let f{z} = { 6 i;mcz ’ igi > }’ Find a value of ¢ so that f(z) is continuous at z = 1.

Solution: :
1. The function is defined at £ = 1 and its value is f(1) = -1 +¢.
2. Since y = —z + ¢ is continuous at z = 1, we have:

lim f(z)= lim —-z4+c=-1++e¢
=1 z—1—

3. Since y = 6 — 222 is continuous at z = 1, we have:
lim f(z)= lim 6 —2¢®=6-2(1)?=4.
31+ =1t

In order to make all three of these the same, we need —1 4+ ¢ = 4. Thus, ¢ = 5.

z%-9 . .
6. Let f(:];)_{ z—3 Jif < 3;

5 i Find the value of ¢ so that f(z) is continuous at z = 3.
cx*+ 10 ,ifz >3

Solution:
1. The function is defined at # = 3 and its value is f{3) = ¢(3)? + 10 = 9¢ + 10.
2 — —
2. lim f(z)= lim "o = lim E—DE+I o
. z3- T—3  z3- T—3

3. Since y = cz? 4 10 is continuous at z = 3, we have:
lim f(z) = lim ez® | 10 = 9¢ 4 10.
z—3+ 3+

In order to make all three of these the same, we need 9¢+ 10 = 6. Thus, ¢ = —%.

iz <

7. Let Gz) =¢ 2—z ,if —1 <z <1; . Find all values of £ where ( is not continuous.
s Lifz> 1
Solution: There are four points to immediately consider: z = —3 and z = —2 because they make a
denominator zero as well as £ = —1 and x = 1 because the function rule changes at these values.
x = —3: Since y = ﬁg is discontinuous at z = —3 and G(z) uses this rule for z < —1, we see that
G(z) is NOT continuous at z = —3.
x = —2: Even through y = E—"?:i is discontinuous at # = —2, the function G{r) only uses the rule y = a:i+2
~for values where z > 1 and the rule it does use at £ = —2 is continuous at that value. So G{z) is
continuous at x = —2.
1 1 '
x=-1: lim G(z)=-——— = and lim G{z) =2~ (—1) = 3. Since these are not the same,
T —1— (=) (-1+3)2 4 zr-1t (@) 1)

the function G{z) is NOT continuous at z = —1.

3
=1 lim (z)=2—(1)=1 and I -
x=1 lim Gla)=2-(1) =1land lim G(z) =7

the value of the function at # = 1, the function G(z) is continuous at = 1.

= 1. Since these ARE the same and they equal

Therefore, the function G(x) is continuous everywhere except z = —3 and z = —1.



Theorem:
If £(x) is continuous at x = b, and
limg(x) =b

xX—=a
then
lim f(g(x)) = £ (b).
Example:
Find

(\/G) I = \V\_((\ -e.\n(G."\




2.6 Limits “at” Infinity
(Horizontal Asymptotes) |
Goal: Study “long term” behavior.

lim f(x) =L
X—00
“the limit of f(x), as x goes to infinity is L”,
as x takes on larger and larger positive numbers,
y = f(x) takes on values closer and closer to L.

Similarly,
lim f(x)=1L

X—>—00

“the limit of f(x), as x goes to negative infinity is L”.




Important limits to know:

1. For any positive number n, 3. limIn(x) =0
X—00 -

lim x™™ = lim i 0. | , Wl
X—00 X—00 ) : ‘ : =g
x—1>r—noo X - x—g;noo xn B )[

(if defined)

T
2.lime* =0 and lime™* =0. 4.limtan " 3(x) =—,
X—00 : X—00 X— 00 2
- x _ : —x _ s
am e” =0 and lim e™ =co i n-1(x) = — >
X——00 |

)



Functions and Limits Review
In order to do well in this course and before we can understand limits, we must know our bagsic functions.
Here is a quick visual review of graphs of some functions that students sometimes forget:

Iy .
y=1/x
¥ =

o
y = tan’{x) /j
. S A
2 /-: //

¥ T

y=1n(x)

I ¥ =sin(x) I y = cos(x)

I ANARYASYA

On the exams, you are allowed to use what you see in these graphs. For example, by looking at the
graphs you immediately know all of the following:

lim e* =0 lim " = oc lim In(z) = —oco | lim In(z) = co
T—r—00 1 T—o0 T =0t 00 I
lim — =0 lim — = —oc lim —=co lim — =0
T—3—o0 T 220~ T z30t T T—00 I
T
lim tan(z) =o0c | lim tan(z) = —oo | lim tan '(z) = = | lim tan~!(z)= —=
T I~ | m—Z T—00 T—r—00 2

One Special Note:
sin(z)

We will make use of the particular fact lim =1 (if z is in radians!).

z—0 T

A proof of this fact is posted on my course website and is in the book. The variable z is not important,
sin(BLAH) sin(10z) 1 and lim sin(31z)
BLAH B 3 a

Oz £—0 1z
Now if the denominator does not match the numerator, then we can do a bit of rearranging of fractions

to make them match.
sin(5z)

what this says is that 5 lim

= 1. So for example: lim
LAH—0 z—0

sin(5z) 5 — lim 53111(559)
r 9 =z=0 br

=5-1=5.

For example: lim = lim
z—0 xT 0

Practice, practice, practice!:

Using the facts above along with the limit strategies discussed in class and summarized in my other
review sheets, go practice your limit methods. There is a compilation of old final problems posted
online, check them out. Also look at old midterm exams. Besides the departmental old exam archive, I
also maintain my own archive of many old exams by me and other instructors T know, check out many,
many, many old exams. You need to expose yourself to lots of different problems!



Strategies to compute lim f(x)

X—00

1. Is it a standard one from my list on
the last page?
If so, done. If not, go to next step.

2. Combine into one fraction.
3. Use algebra to rewrite in terms of
known limits from previous page:

Strategy 1: Multiply top/bot by xia,
where a is the largest power.
Strategy 2: Multiply top/bot by e%

Strategy 3: Multiply by conjugate.
Strategy 4: Combine into one fraction.

Examples: (
3+ x4 — x) &
L lim — 2 2
x—00 Bx? + 1 — 6x%) o
' 3 !
AN
XD ae e
/X" - SCEE G
0 +\~0 ¥ \/'
010 -6 T~ 7]
. g\ cc)\‘-*\B \o
. X ' o“gb ¢/
2. lim ( — ——) < X\Q\
X—00 \ X + 2 X u-"“"ﬁ ;\rv*
o C\\$ gt
- i T ok S
X3 e X(x 1y %)
X = e (sc f h)
= i X'ox=1 A
X‘jaﬁ" W 7"7'*3*() 'X\‘
R I e T TNy
X = ,Akﬂ:ﬁ_.-..,../& _______ ~ T e. - LJ.



2 —_—
- 3+5e@) T . V9x6 —x + 1
. . im
x—0w 2e% + 4e(2%) "é‘j—,‘ x—>—00  2x3 — x?2
Vi
= [ e Ving = N4 %ok
x s R ) 2 e e b A e
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o4 - Ty e 7 24
Note: Vvx% = x,ifx >0, and \

Vx2 = —x,ifx < 0. J—g\
A 1; VOx6 —x + 1 "\;?/ %
xl—>nolo 2x3 — x?2

b Ja-Keek

X3 Y




5. lim (\/3+2x+x2—x){m
X—00
( IFYtX "5‘ ~ )
,_ , -~ A \
- Y e @ff:x*‘?ﬁ Kji <
X D ado A - "“"’T—“"

=
S~
\Fa
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[Zegel




f()
Strategies to compute: !Cl_l)lc'll 900

Special note: If given two fractions, combine

them (common denom).

Try plugging in the value:
1. 1If denominator # 0, done!
2.If denom = 0 & numerator # 0,

the answer is -0, +oo or DNE. Examine the

sign of the output from each side.
3.1f denom = 0 & numerator =0,
Use algebra to simplify and cancel until

either the numerator or denominator is not

Zero.

Strategy 1: Factor/Cancel
Strategy 2: Simplify Fractions
Strategy 3: Expand/Simplify
Strategy 4: Multiply by Conjugate
(if you see radicals)

Strategies to compute: lim f(x)

X—>00

Special note: Combine into one fraction
(might need conjugate if given two terms
involving a radical).

1.1s it a known limit?

1
lim —=0,ifa>0; lime™ = 0;
x—ow X X—00
T
lim In(x) = oo; 11m tan~1(x) = >

X0

2.Rewrite in terms of known limits:

Strategy 1: Multiply top/bottom by xia,

where a is the largest power.
Strategy 2: Multiply top/bottom by e™.

Special note:
If x is positive, then x = Vx2.
If x is negative, then x = —Vx2.



